Flat rotation curves in disk galaxies represent the main evidence for large amounts of surrounding "dark" matter.
Introduction
Thanks to the Gaia mission [1, 2] , the weak gravitational regime is playing a pivotal role in providing a complementary observational perspective for understanding gravity. The few-micro-arcsecond level (µas) of the Gaia measurements requires a fully generalrelativistic analysis of the inverse ray-tracing problem, from the observational data (e.g., stellar images on a digital detector) back to the position of the light-emitting star ( [3] and references therein). This is because the Gaia-observer is embedded in the ever present and ever changing overlapping weak local gravitational fields of the Solar System. Once new dynamics (i.e. the "extra molecular force" from the Lorentz-FitzGerald contraction effect [12] ) to Newtonian Theory.
Currently, GR is the confirmed standard theory that explains gravity over a range of sixty order of magnitude. We certainly may assert that the evolution of the Galaxy, and its constituents, is the quasi-stationary product of the action of gravity. Nevertheless, solving Einstein's equation translates into a complicated system of coupled nonlinear partial differential equations, and for that there exist no general method to obtain all of the solutions. 2 The rotational velocity profile in stationary axisymmetric spacetime
Given the premises, our first attempt to explain the Milky Way rotation curve is to consider a simple relativistic model suitable to represent the disk as an equilibrium configuration at a sufficiently large distance from an axisymmetric rotating central body via stationary and axially-symmetric solutions for the metric.
In parallel, we may consider the mass inside a large portion of the Galaxy, far away from the central bulge, approximated as a pressure-less perfect fluid, i.e. as co-rotating dust, defined in GR to be a continuous distribution of matter with stress-energy tensor T αβ = ρu α u β (in geometrizied units), where the time-like vector field u α represents the 4-velocity of the co-rotating fluid proportional to a killing vector k α ∝ ∂ α t . In virtue of the definition of T αβ and in the limit of small density (ρ), u α results geodetic. Of course, this modeling avoids the bulge where the axis of symmetry resides (so that k α is time-like globally). Although a pressure-less fluid is not pure vacuum, it may be considered a very close approximation to a low energy density regime.
The aforementioned considerations justify the line element chosen by Balasin and Grumiller [13] to trace the velocity profiles of disk galaxies in a weakly relativistic scenario. As argued by the authors, the assumption of pressure-less perfect fluid simplifies the dynamics to be solved as compared to that in vacuum 2 .
As described in de Felice and Clarke [14] , stationary and axially symmetric Einstein space-times admit a two-surface orthogonal to the two surface of transitivity of the group R(1) ⊗ SO(2) where the Weyl tensor is identically zero, then the geometry on such a two-surface can be a conformally flat.
Actually in such a space-time there exist two commuting killing vector fields, one time-like (say k α ) and the other one (say m α ) always zero on the axis of symmetry. When the Frobenius theorem holds for the one-form associated to k α and m α , there exists a coordinates system {t, φ, x 1 , x 2 } adapted to the symmetries in terms of which the metric has the form:
where the functions in the line element above depends only on coordinates {x 1 , x 2 } and 3 V = (k|k), W = (k|m), X = (m|m) (2) so that t is a time coordinate (time-like far enough from the metric source) in the range [−∞, +∞] and φ is the azimuthal angular coordinate in the range [0, 2π]. In addition (a = 1, 2) [14] 
The above conditions imply that we can carry the chosen coordinates {x 1 , x 2 } (in one of the orthogonal two-surfaces) to the rest of the space-time along the integral curves k α and m α [15] . Any coordinate transformation {x (x)} in the two-surface leaves invariant the metric functions V, W, and X; moreover metric (1) is invariant under the transformations of the type φ = Aφ + Bt and t = Ct + Dφ.
The determinant of metric (1) is −V X + W 2 = r 2 which vanishes on the axis of symmetry where X = W = 0 and on the stationary null surface defined by V − W 2 /X = 0. In the vacuum case r 2 satisfies the two-dimensional Laplace motion equation hence is harmonic in such a surface; moreover has no saddle points and can be taken as a coordinate [14] . Considering z as another coordinates defined so that ∂ a z is orthogonal to ∂ a ρ, metric on the two-surface assumes the form:
since V < 0 when r 2 > W 2 and by putting W = −N V, X = −V −1 r 2 + N 2 V 2 , e 2µ ≡ −e 2γ V −1 finally we have
namely the canonical form of the most general non singular metric of a stationary and axisymmetric space-time admitting a two-surface orthogonal to the group orbits given by Papapertou (1963, 1966) and Lewis (1932) [14] . By putting e 2γ ≡ e ν and V = −1, this constitutes the metric solution used by Balasin and Grumiller [13] .
In such a stationary and axially symmetric space-time one may consider the family of time-like curves with tangent unit vector
where β is a constant parameter equivalent to the angular velocity (in virtue of (3) and (6) itself) and Γ is the normalization factor. These curves represent physically the worldlines of point particle moving on stationary circular orbits around the metric source, with angular velocity say β, that equals zero when the observer u α reduces to be everywhere proportional to the time-like killing vector k (i.e. static).
One may consider orbits (6) with respect to the so called ZAMOs (Zero Angular Momentum Observers), i.e. the locally non-rotating observers with respect to flat infinity. The line element (see eq. (5), with V = −1) can be rewritten in terms of the lapse M Z ≡ r/ (r 2 − N 2 ) and the shift factor M φ Z ≡ N/(N 2 − r 2 ) as:
Decomposing u α with respects to ZAMOs, one can parametrize (6) in function of the relative (spatial) velocity ν α as:
where γ is the Lorenzt factor, n α is the unit normal to the t=constant hypersurfaces, and ν α = ν αφ m φ with respect to the associated tetrad [16] . Then, dropping the index α,
which, in case of a static observer (β = 0), reduces to
Then, in case of a static observer, the relative velocity with respect to the locally non-rotating observer, i.e. the one at rest with respect to flat infinity, reduces to
and it represents the velocity distribution of the co-rotating "dust particle" as measured by an asymptotic observer at rest with respect to the rotation axis, i.e. the center of the Galaxy. Note also that the Gaia observables are developed with respect to the static observer u α = (1/ √ −g 00 )∂ α t at rest locally with respect to center-of-mass of BCRS [3] , in the gravitational fields of the Solar System, which reduce to be ∝ ∂ α t far away from it.
The function N (r, z) was solved by Balasin and Grummiller (BG) with the separation Anstaz N (r, z) = F (r)F (z) and by assuming reflection symmetry. Finally the functional expression is (eq. 25 in [13] ):
where the three parameters V 0 , R, r 0 were chosen, respectively, as the flat regime velocity (V 0 ≈ 200 km/s), the maximum extension of the Galaxy (R ≈ 100kpc), and the bulge radius (r 0 ≈ 1 kpc). Note that N (r, z) was obtained by avoiding values that could prevent a physical solution, such as the localized exotic energy-momentum tensor attributed to Cooperstock and Tieu [17] , or violate the weak energy condition and the assumption of vanishing pressure 4 . From the point of view of a Kerr metric, a rotating mass drags the coordinate frames because of the presence of the non-diagonal term g tφ . In fact, in the case of a metric independent from t and φ coordinates, any particle moving in such a geometry has two conserved quantities, namely p t and p φ . Imagine to drop the particle "radially" from infinity with angular momentum p φ = 0. Then p φ = g φt p t and p t = g tt p t . Now considering p t ∝ dt/dλ and p φ ∝ dφ/dλ (λ is an affine parameter), it results:
namely, the particle acquires an angular velocity in the same direction of the rotating source while approaching it (see [18] for details).
Sample selection
To study the rotation curve profile of our Galaxy we selected sources from the recently released Gaia DR2 archive according to the following requirements: (i) availability of the complete astrometric set, and of its corresponding error (covariance) matrix 5 ; (ii) availability of the Gaia-measured velocity along the line of sight, RV , and its error; (iii) parallaxes good to 20%, i.e., p/σ p ≥ 5; (iv) avalaibility of a cross-matched entry in the 2MASS catalog ( [19] ). Requirements (i) and (ii) are necessary for a proper 6-dimensional reconstruction of the phase-space location occupied by each individual star as derived by the same observer (a critical aspect of the relativistic protocol adopted in this article). As for the third criteria, parallaxes to better than 20% allow to deal with similar (gaussian) statistics when transforming them into distances.
Selection criteria (iv) is essential for the actual materialization of the sample of early type stars. For, it provides us with the 2MASS near-infrared magnitudes J, H, and K ( [19] ) that, in combination with the G-band magnitude from the DR2, allow us to build the following photometric filter: [20] , that needed a stellar sample tracing the MW warp, this filter is then used in combination with their probabilistic method that uses Gaia's astrometry and photometry together to select stars whose colors and absolute magnitudes are consistent with them being upper main sequence stars, including OB stars.
On the other hand, as mentioned above, Gaia-measured RV 's made the DR2 only when the estimated stellar effective temperatures are between 3550 and 6900 K ( [4] ). This implies that a large fraction, if not all, of the OB stars initially in the 2MASS crossmatched sample drops out of it because of the RV requirement (ii), leaving us with mainly A, and some F, early type stars 6 . At the end of our selection process we are left with a very homogenous sample of 5,277 early type stars, to which we addded 325 classical type I Cepheides, as classified by the Gaia pipelines [21] , for a total of 5,602 disk stars, the largest sample of its kind ever.
Both spatial and kinematical tests were conducted to ensure that the selected data set fairly traces the MW disk and its kinematics. A close look at the radial and vertical distributions of our sample shows that 99.4 % (i.e., 5,566) of its stars are within 4.9 ≤ r ≤ 15.8 kpc (a range of ∼ 11 kpc) and below 1 kpc from the galactic plane, that represents the characteristic scale height of the BG model.
Spatial and kinematical analysis
The Gaia estimated quantities extracted from the DR2 archive are transformed from their natural, i.e. the ICRS [22] , reference frame to its cylindrical galactocentric counterpart, i.e., into the quantities R, φ, and z for the galactocentric position and their corresponding velocities V r , V φ (i.e., the circular velocity at any galactic longitude), and V z . The procedure followed is that described in the Gaia Data Release Documentation [23] , and includes proper error propagation thanks to the availability of the correlation matrix (requirement (i)). For its actual application, we have to specify the values of the Sun's radial distance in the galactic frame R , the Sun's velocity in the LSR (U , V , W ), and the galactocentric circular velocity of the LSR V lsr . The following values were adopted after reviewing the recent literature: R = 8.20 ± 0.09kpc [25] , (U , V , W ) = (11.1, 12.24, 7.25)km/s [24] , and V lsr = 233 ± 3km/s [25] .
We bin the data in cylindrical rings as a function of cylindrical coordinate. Table 1 summarizes the characteristic of each of the radial bins described in terms of median and associated RSE 7 . The values for |z median | and the median V φ 's are quite compatible with those expected for a population belonging to the MW disk and confirm the effectiveness of the procedure we adopted for extracting stars from the upper main sequence. 6 This contingent RV -induced bias will be greatly mitigated with the forthcoming Gaia deliveries. 7 The robust scatter estimate (or RSE) is consistently used in this paper as a robust measure of the scale or dispersion of a distribution. RSE is defined as (2 √ 2erf −1 (4/5)) −1 ∼ 0.390152 times the difference between the 90th and 10th percentiles, which for a normal distribution equals the standard deviation. Similarly, the median is generally used as a robust measure of the location of a distribution. archive according to the availability of (i) the complete astrometric set, (ii) the Gaia-measured velocity along the line of sight, RV , (iii) parallaxes good to 20%, and (iv) a cross-matched entry in the 2MASS catalog [19] . We bin the data in cylindrical rings [R − ∆R, R + ∆R] as a function of cylindrical coordinate r ≡ R. Each radial bin is centered at the value shown in the second column. The bin size is 0.2 kpc except for the last bins that have been changed to cope with both increasing position errors with distance and the natural decrease in numbers of tracers of the MW disk . The average of the median distances from the plane is < z median >=-0,027 in the range between Max(z median )=0,496 and Min(z median )=-0,234; moreover, the average value for the vertical dispersion is 0.206 kpc. As for the circular velocity V φ , the average (across the bins) of the median V φ 's is ∼ 224.533 km/sec, while the measured velocity dispersions are always below 41.418 km/s, with a typical (mean) value of 22.078 km/s. 
The fits to relativistic and classical MW rotation curves
By setting z = 0 and the cylindrical coordinate r ≡ R in equation (12) the relativistic rotational velocity profile writes:
where the unknown parameters R out , r in will result by fitting to the data of Table 1 . In other words, these quantities identify the range for which the 4D spacetime metric used can describe the MW disk as a rotating fluid with cylindrical symmetry.
We compare this relativistic model with well-studied classical models for the MW (MWC), which we assume to be comprised of a bulge, a stellar disk and a Navarro-Frenk-White (NFW) dark matter (DM) halo. We used the Markov-Chain Mont-Carlo (MCMC) method to fit to the data. We assume that the classical MW rotation curves are composed of the following functional components.
For the bulge, we select the power-law density profile with an Exponential Cut-off in Bovy 2015 [26] (see also McMillan 2017 [25] ) written as
where, in cylindrical coordinates, the bulge spherical radius is r = √ R 2 + z 2 , with α = 1.8 the inner power index, r 1 = 0.075kpc the reference radius for the inner power law profile, r cut = 1.9kpc the radial cut-off, and ρ bulge 0 the bulge scale density. As for the MW disk, we use a single-component stellar disk modelled as a Miyamoto-Nagai potential 8 . This is the most general description of a one-component MW disk (Bovy 2015 [26] , Barros et al. 2016 [27] ) and we use it in the form
where M M N = 2πΣ disk 0 a 2 is the mass of the stellar disk, Σ disk 0 its surface density scale, and a and b are scale-length and scale-height.
Finally, we choose a standard NFW model to describe the DM halo (Navarro et al. 1996 [8] , McMillan 2017 [25] , Bovy 2015 [26] ,
where ρ halo 0 is the DM halo density scale and A h its (sperical) scale radius. The MW total potential can be computed by solving the Poisson equation ∇ 2 Φ tot = 4πG(ρ bulge + ρ disk + ρ halo ); then, the circular velocity follows by solving the differential equation V 2 φ (R) = R(dΦ tot /dR). We utilized the GALPY python package [26] to calculate each contribution to the classical model, that from now on will be referred to as MWC.
We fit both the BG and MWC models to the DR2 rotational velocities V φ (R i ) in table (1) , and the corresponding RSE V i φ , utilizing the log likelihood
where V exp φ (R i |θ) are the expected velocity values evaluated with the two theoretical models at each R i with a given set of their corresponding parameter vector θ. In this way, the fit takes into account both the uncertainties of the velocity data and the intrinsic non-zero velocity dispersions of the stellar population. Moreover, we constrain the local baryonic matter density at the Sun to the most recent estimate of ρ(R = R , z = 0) = 0.09 ± 0.01M pc −3 [28, 25] .
For the BG model, ρ exp (R |θ) is calculated with equation (19), while for the MWC model ρ exp (R |θ) = ρ b (R = R , z = 0) + ρ M N (R = R , z = 0) from equations (15) and (16) .
In summary, we have 4 free parameters, V 0 , R out , r in and e ν , when fitting the BG velocity profile, while we decided for 5 free parameters when dealing with the MWC, i.e. ρ bulge 0 , M M N (or Σ disk 0 ), a, M h and A h . It is clear that the parameter space is too large to explore with a simple nonlinear fit. We therefore decided to use the Markov Chain Monte Carlo (MCMC) method to determine the unknown parameters and their uncertainties, and actual computations made use of the MCMC python package PyMC3 [29] with the NUTS algorithms chosen for the step selection. To explore the full pdf we implement the following priors: Moreover, in the MWC model, we fix α = −1.8kpc, rc = 1.9kpc, r 1 = 0.075kpc [26] , as our data can not explore the galactic central region where the bulge dominates. In this way, we eliminate any possible correlations with the free parameters. We stress that for the MWC model we use normal pdf priors so that we could compare our bayesian Table 2 : r in , R out and V 0 are the parameters of the BG model that correspond to the lower and upper radial limits (i.e. the dimension of the bulge and the "virial" radius), and a quantity representing the velocity in the flat regime. e ν is the density scale factor at R . The-flat-regime velocity V 0 is a bit higher than the mean values of V φ . This appears compatible with the Markov-Chain-Monte Carlo estimation of the dispersion on V 0 being usually smaller than the sample dispersion in analysis to the most recent observational estimates (see second item above). On the other hand, we adopted uniform prior distributions for the BG model free parameters in order to avoid any a priori knowledge on quantities never estimated before with MW data.
We also fix b = 0.3kpc (ref.
McMillan 2017 [25] ) because in this work we neglect the vertical distribution in the data and consider only binned radial rings as explained above. For the MWC model, the estimated parameters are, within the errors, compatible with literature values ( [30] , [26] , [25] , [31] ). The largest contributions to the 1σ confidence interval come from the ρ bulge 0 and A h uncertainties, which are the most difficult to constrain because of the relatively small range covered by the DR2 data. Tables 2 and 3 report the best fit results, their uncertainties and the MC chain errors. For both models, the errors due to the Bayesian analyses are at least one order of magnitude lower than the resulting uncertainties of the parameters. This shows that the analysis is intrinsically consistent and the standard simulation errors are negligible.
In Figure 1 , the star-like symbols show V φ vs R derived with the Gaia DR2 data in Table 1 with the corresponding errors bars taken as ± the RSE V φ values in the same Table for each radial bin. The red and blue curves show the best fit to the BG and MWC models, respectively; the same color code is used with the shaded areas representing the 1σ-confidence regions of the fits. The other curves shown represent the kinematical substructures that contribute to the MWC model (the dotted line is the bulge contribution, the dashed line that of the disk, and the dot-dashed line is for the NFW halo). The gray points in the background are the individual data shown with their propagated uncertainties on radial position and circular velocity. The gray vertical band represents twice the value of r in estimated with the BG model. Table 1 . The two estimated velocity profiles are both fairly good representations of the observed (binned) data.
We notice that our fit to the MWC model (blue curve) confirms the findings of Iocco et al. [7] that dark matter already contributes above R > 7 kpc with a local density estimate of 0,4 GeV/cm 3 , i.e. ∼ 0.01 M /pc 3 ; this compares favourably to our value of ∼ 0.007 ±0.001M /pc 3 at R .
The least constrained parameter in the BG model is the "upper" radial limit, i.e., R out . As already discussed, this was actually expected due to a relativity limited radial coverage of the Gaia velocity data. Beside, we obtain an important result on the lower limit parameter r in , which confirms, a posteriori, the validity hypothesis of the BG model and the cut at |z| ≤ 1 kpc we made. In fact, at R ∼ 1 kpc it would not be possible to neglect the z-dependence of velocity due to the presence of the MW bulge. 12 Figure 1 shows the two estimated velocity profiles are both good representations of the observed (binned) data. To quantitatively asses this, we compare the two models using the Widely Applicable Information Criterion (WAIC, Watanabe 2010 [32] ), which is a fully Bayesian criterion for estimating the out-of-sample expectation.
The goodness of the reconstructed velocity profiles
By definition, lower values of the WAIC indicate a better fit, i.e the WAIC measures the poorness of the fit. Our MCMC runs result in the values WAIC = 306.2 and WAIC = 325.3 for the BG and MWC models, respectively. Therefore, for our likelihood analysis the two models appear almost identically consistent with the data.
The local density
Once available, the R out and r in parameters can be substituted in the 00-term of Einstein's field equation that is in our case (from eq. (10) in [13] ): e ν(r) ρ(r) = 1 8πG
where ρ(r) is the energy density and e ν(r) can be regarded as a density scale factor. As for the local baryonic matter density, we obtain ρ(r = R , z = 0) ≡ ρ = 0.093 ± 0.006M pc −3 that is perfectly in line with independent current estimates (for example [28, 25] ).
Final remarks
Let us look at the above statements from the perspective of an exterior Kerr metric, i.e., the most important vacuum solution of the Einstein field equation for stationary, axisymmetric, asymptotically-flat space-time. In such a metric the trajectories with zero angular momentum have no-zero angular velocities (with respect to infinity) equal to β = −g tφ /g φφ [14] . This arises from gravitational dragging due to the background geometry that indeed occurs in any stationary space-time with g tφ = 0 [18] .
All the observational clues of dark matter point to the existence of a material that: first, it does not absorb or emit light but it exerts and responds only to the gravity force; secondly, it enters the calculation as extra mass required to justify the flat galactic rotational curves. By proving our relativistic Ansatz we suggest that geometry -unseen but perceived as manifestation of gravity according to Einstein's equation -is responsible of the flatness at large Galactic radii. From Gaia DR2 it appears that just dust, namely pure matter made only of the non-collisional baryonic mass of the disk, fits the local energy-mass density in accordance with the observations. Although these are initial results based on a tailored physical solution of the Einstein field equation, they show for the first time a possible way out of the "dark matter" problem, suggesting at the same time the use of General Relativity to detail a more complex Galaxy structure, mostly shaped by the bulky central rotating mass-source. In regard to dark matter the Newtonian "Hypotheses non fingo" could eventually survive.
